ABSTRACT. The formula of the title is computed, and is used to calculate the index and nullity in several cases.
Introduction.
The variational characterization of a harmonic mapping of Riemannian manifolds f: N ->M states that / is harmonic iff the Dirichlet energy E(f) of the map is stable to first order with respect to variations of / [ES] . Here E(f) = lA.fN\df\ * 1, where N is taken to be closed and oriented. The object of this paper is to give a formula for the second variation of the energy and use it to calculate the index and nullity of some harmonic maps. For the (nontrivial!) case of the identity map, there are close relations with certain infinitesimal transformation groups.
As a by-product we are led to a unified interpretation (in §2) of a differential operator which has turned up in varied geometrical contexts before (e.g. [BY] , [Ll] , [Ni] , [YN] ).
Examples are also given to show that the Morse theory of a harmonic map can be quite pathological. Finally, we note that the second variation formula for minimal submanifolds (i.e., the volume functional) can be found in [HE] . In analogy with the theory of geodesies, we call v a Jacobi field if v £ ker / ,. Note that if f is a variation of / through harmonic maps, then v = df /ât\ . is trivially a Jacobi field. Here Av = Trace V v and p is the Ricci tensor, considered as a linear map. The Hodge Laplacian A" (acting on vector fields via duality) satisfies the well-known formula (cf. [BY] or [YN, p.56] 
The proof is basically a standard argument using the Hodge decomposition of a vector field as a sum of a gradient field and a divergence-free field, and also Yano's formula (2.5). For example, see [YN, Theorem 5.3] for (b). We remark that the gradient of a linear form on S" is an element of c and is perpendicular to i. Here mM(X.) is the multiplicity of X. as an eigenvalue of the Jacobi operator on M, and À (|À.|) is the number of eigenvalues of A», which are less than \X.\, this time including 0. Example 3.4. Let M = S", tot n > 3, and let N = Sp. It v is a conformai gradient field on S" and / is a harmonic polynomial of homogeneity k on Sp, then by a scalar change of metric on Sp we can assume that w(x, y) = f(x)v(y) is a Jacobi field for n. It seems quite unlikely that these fields arise from a variation of 27 through harmonic maps. Since the harmonic polynomials satisfy the condition in (b) of the above corollary, for p > 2, it appears that 77 can be given an arbitrarily large degeneracy as well as a massive index. Hence the innocuous map n is completely pathological from the standpoint of Morse theory.
